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Abstract-An analytical model is presented for critical heat flux (CHF) in a heated vertical tube connected 
to a saturated-liquid reservoir at the top and closed at the bottom end. For the liquid film flow subject to 
both the frictional force of the vapor core flow and that of the tube wall, an equation is derived to estimate 
the thickness of the liquid film along the tube length. A limit condition is found to appear for the existence 
of real roots of the equation at the top end of the tube with increasing heat flux, which is caused under the 
circumstances where the interfacial shear stress exerted by the vapor core flow increases with the liquid 
film thickness when the vapor flow is turbulent. This limit condition is then shown to agree fairly well with 

the experimental data of CHF. 

1. INTRODUCTION 

IN A PREVIOUS study [ 11, experiments of water boiling 
in a uniformly heated vertical tube shown in Fig. 1 (a) 
were carried out by distributing 11-17 thermocouples 
along the tube length, disclosing some peculiar charac- 
teristics of critical heat flux (CHF) in this boiling 
system such as : (i) the onset of the initial abrupt wall- 
temperature rise is observed not at the bottom end 
but at an intermediate location of the heated tube ; 
(ii) a considerably long waiting time is often observed 
before the onset of the initial wall-temperature rise; 
and (iii) the variation of wall-temperature after the 
initial temperature rise is rather slow and complicated, 
in general. These features suggest the need for careful 
measures in experiments to detect correct values of 
CHF for this boiling system. Then, in a previous 
study, a total of 48 data points of CHF were obtained 
for water boiling within the following experimental 
range : 

D = 8mm, L/D = 38-113, P = 101.3-198.5kPa; 

and 

D = lOmm, L/D = 30-90, P = 101.3-198.5 kPa. 

In the present study, employing new test tubes, 
additional experiments have been carried out obtain- 
ing 49 data points of CHF for water boiling under 
somewhat extended conditions : 

D=8mm, L/D = 2&120, P = 101.3404.2 kPa ; 

and 

D = 12mm, L/D = 60-80, P = 101.3-198.5 kPa. 

Details of the experimental conditions for the water 
data points mentioned above, together with the vapor/ 

liquid density ratio pJp,_ and the Bond number 

Bo = Ip,@21d ‘I2 are listed in Table 1. 
Meanwhile, the experimental conditions of R-l 13 

listed in the bottom two lines of Table 1 are concerned 
with the data of R- 113 measured by Barnard et al. [2] 
and Yokoyama [3] for the same type of boiling system 
as above. In these two papers, however, the peculiar 
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FIG. 1. (a) Vertical tube with a liquid reservoir and a closed 

bottom. (b) Closed two-phase thermosyphon. 

3021 



____^-. -- -- ~__- 

NOMENC~TU~E 

Bo 

Gi 

D 

9 
H& 
L 
m 
P 

q 
qc 
R 

Rf, 
Re, 
Re: 

.I- 

Bond number = (4p,gR’/n) ’ .’ 
friction coefficient at vapor/liquid 
interface 
tube inside diameter 
gravitational acceleration 
latent heat of evaporation 
length of heated tube 
mass llow rate 
pressure 
heat tlux 
critical heat flux 
tube inside radius = D/2 
liquid film Reynolds number 
Reynolds number of vapor core flow 
Reynolds number of vapor core flow 
defined by relative velocity 

4. mean velocity of liquid 

U” mean velocity of vapor 
11’ relative velocity between vapor and 

liquid 
Z axial distance from the bottom end. 

Greek symbols 
r mass flow rate of liquid film per unit tube 

perimeter 
6 liquid film thickness 

Pi. dynamic viscosity of liquid 

V, kinematic viscosity of vapor 

PL liquid density 

P\ vapor density 

ri shear stress on vapor/liquid 
interface. 

features of CHF such as those mentioned before were 
not reported, so there may be some questions as to 
the accuracy of the data ; but still a number of ther- 
mocouples (5-7 in ref. [2], and 5 in ref. [3]) were 
employed to detect the onset of the CHF, accordingly 
the error of the CHF value is presumably restricted 
in a limited range. 

Now, the present study, with the main object of 
developing an analytical model for CHF in the boiling 
system of Fig. 1 (a), will utilize the above-mentioned 
data as the basis to confirm the developed model. 

With respect to theoretical studies on CHF in simi- 
lar types of boiling systems to the present one, there 
have been a few analytical studies on countercurrent 
annular flow in two-phase closed thermosyphons 
shown in Fig. I(b). First, Dobran [4] performed a 
study taking equations of continuity, motion, and 
energy into consideration for the liquid film flow, and 
for the vapor core flow, respectively ; and a lumped 
model was presented assuming a common liquid film 
thickness &, throughout the three sections of the con- 
denser, adiabatic, and evaporator as shown in Fig. 
l(b). Reed and Tien [S] then extended the foregoing 
Dobran’s lumped model by assuming a mean liquid 
film thickness of &, &, and 6, at the condenser, adia- 
batic, and evaporator sections, respectively; and a 
flooding limit is insisted to appear at a section where 
the calculated rate of change of film thickness with 
respect to heat input becomes unbounded. A little 
later, Casarosa and Dobran [6] also reported an 
analysis of a double-diameter type thermosyphon 
assuming a mean liquid film thickness of 6, and 8, at 
the condenser and adiabatic sections, respectively. 

The present paper, in contrast with the lumped 
models mentioned above, assumes a continuous varia- 
tion of the liquid film thickness along the tube length 
as illustrated in Fig. 2, considering steady-state coun- 
tercurrent annular flow in the heated tube of Fig. 1 (a). 

2. ANALYTICAL MODEL 

It is assumed in the present study that the liquid 
film thickness S is very thin as compared with the 
tube internal radius R (that is 6/R << I), and that the 
vapor~liquid density ratio pV/pL is very low (that is, 
pV/pL << 1). As to the justification of the former 
assumption see Section 3.2 ; and as to the latter 
assumption, see column pV,‘pr, in Table I. Further- 
more, the effect of inertia is neglected for both the 
Rows of liquid and vapor, and a uniformly heated 
tube is dealt with for simplicity. 

2.1. LiquidjlmJciow and vapor core flow 
Under steady-state conditions, the upward mass 

flow rate of vapor m at an arbitrary location z must 
be equal to the downward mass flow rate of liquid at 
the same location ; and m is given as 

m = 2nRzq/H,, (1) 

where q is the heat flux, and Hfg the latent heat of 
evaporation. From the assumption 6/R << 1, the mean 
velocity of liquid uL in the liquid film flow and that of 
vapor in the vapor core flow u, can be written as 
follows : 

In addition, the relative velocity U’ between the liquid 
and the vapor flow is 

(3) 

Meanwhile, the mass flow rate I- in the liquid film per 
unit tube perimeter is 

1- = m/‘(2nR). (4) 
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FIG. 2. Countercurrent annular flow in a heated vertical tube 
with a closed bottom. 

Then, the film Reynolds number for the liquid film 
flow ReLF, and the absolute and the relative Reynolds 

number Re, and Re: for the vapor core flow, respec- 
tively, are given as follows : 

Re,, = 4’, Re, = u,2R 

PL 
-, Ret =F. (5) 

V” 

2.2. Governing equation of liquidjlm thickness 
Since it has been assumed that 6/R CC 1 and that 

inertia is neglected, if the liquid film flow is laminar, 
one can make the same analysis as that of Nusselt for 
the liquid film flow on a vertical flat wall. For the local 

downward velocity u at the normal distance y from 
the wall, the following differential equation is readily 
derived : 

d*u 
PLY +PL9 = 0 

dy 

where pcL is the dynamic viscosity of liquid, andg is the 
gravitational acceleration. Integrating this equation 
under boundary conditions that u = 0 at y = 0 and 
that p,du/dy = -ri at y = 6 (where zi is the shear 
stress exerted by the vapor core flow on the vapor/ 
liquid interface), it immediately gives the following 
relationship between I and 6 : 

(7) 

Since the magnitude of the film Reynolds number 
Re,, is very low within the experimental range of 
Table 1, as will be described later in Section 3.2, there 
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is no need to consider turbulent liquid tilm flow in the 
present study. 

2.3. Mugnitude qf’interJiciai shear stress 
For the relative velocity u’ between the liquid and 

the vapor flow, the interfacial shear stress T, is given 
iiS 

T, = iPvw)*G (8) 

where C, is the friction coefficient. Following Dobran 
[4] and Reed and Tien [5], expressions of Cti are as 
follows : 

For laminar vapor core flow 

G = (16/Re:)t$l(e+- 111 (9) 

where Q, = (q/Hfg)R/(4~~,.), a correction factor as sug- 
gested by Blangetti and Naushahi [7] accounting for 
the influence of interfacial mass flux. Within the range 
of the present study, the effect of d, is not large. 

For turbulent vapor core flow 

c,; = O.O05fX,(b/R)“~ 

where 

(10) 

X, = 0.2S74(30,‘2)“2 - 10”.07~R0, 

and 

xz = 1.63+4.74/Bo. 

Equation (10) is the correlation of Cf, presented by 
Bharathan et al. [S]. 

Now, as for the magnitude of C, in the transition 
region between laminar and turbulent vapor core 
flow, its continuous change is assumed in this study 
as follows : 

For 2900 < Ret < t 1000, 

G - Gw, Rel - 2900 
- = ~---.- 

O.gCfio”, - Cfits) 11000 - 2900 

and for 11000 < Re: < 20000 

Gi -o.G~lo, Re;-11000 .~ = ____.-- 
C fi(l0) -O.gCfl~KJ, 20000-11000 

(11) 

where Gcs, is the value of Cfi of equation (9) at 
Ret = 2900, and Cfiocj is the value of C, of equation 
(10) which is independent of Re:. The extent of the 
above-mentioned transition region, Ret = 290@20 000, 
is comparable with that of single-phase flow in 
tubes with very high surface-roughness (cf. Fig. 20.17 
of ref. [9], for example). In addition to this, it must 
be noted that, in the present case, the magnitude 
of Re: increases with the increase of the length z in 
Fig. 2, so the feature of transition from laminar to 
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FIG. 3. Variation ofthe Y,-B/R curve with axial location z/L 
(water, D =: 8 mm. LID = 25, P = 101.3 kPa, y = 190600 

W mm’). 

turbulent flow may somewhat differ from the ordinary 
case where Ret is kept constant along the tube length. 

2.4. Limit for the existencr 0J‘ real root f$ ~~~fft~~;? 

(7) 
Substituting r of equations (4) and r, of equation 

(8) into the right-hand side of equation (7) the liquid 
film thickness 6 at an arbitrary location z along the 
tube length can be estimated. In order to see this 
situation, Iet Y, and Yz represent the left-hand and 
the right-hand sides of equation (7), respectively, as 

;5 
Y, = 

R (12) 

and the calculated values of Y, and Y, against 6/R 
have a mutual relationship, shown in Fig. 3, where an 
intersection point between the Y,- and Yz-line cor- 
responds to a solution of equation (7) as to the liquid 
film thickness 6. 

It is noticed here that only one intersection appears 
at low values of z/L, while two intersections appear 
at high values of z/L being accompanied by a limit 
condition at z/L = 1.0. Relating to this, it is helpful 
to see the situation of Fig. 4 which represents the 
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FIG. 4. Variation of the liquid film thickness along the tube 
length (water, D = 8 mm, L/D = 25, P = 101.3 kPa). 
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FIG. 5. Variation of the Y,-6/R curve with heat flux q at the 
top end of the tube (water, D = 8 mm, L/D = 25, P = 101.3 

kPa) . 

continuous variation of 6 along the tube length for 
three different values of heat flux q. It is known from 
Fig. 4 that (i) when there are two intersections between 
Y, and Y, in Fig. 3, 6 of low value among the two is 
realized, and that (ii) for a heat flux q higher than a 
definite value (190 600 W m-’ in the case of Fig. 4), 
no steady-state liquid film flow can exist at and near 
the top end of the heated tube. 

Now, Fig. 5 represents the relationship between Y, 
and Y2 at the top end of the tube (z/L = 1) for various 
values of q, showing that the value of q = 190600 
W m-’ in case of Fig. 4 is the limit for the existence 
of real root 6, that is the existence of the steady- 
state liquid film flow, at the top end of the tube. 

3. CRITICAL HEAT FLUX 

3.1. Comparison of predicted and measured CHF 

Typical experimental CHF data are plotted in Figs. 
6-9 for water, and in Figs. 10 and 11 for R-113. 
Two thin lines entered in each figure represent the 
following empirical correlations of CHF proposed by 
Tien and Chung [lo], and Imura et al. [11], respec- 
tively, for two-phase closed thermosyphon of Fig. 
l(b) : 
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FIG. 6. Comparison of measured and predicted CHF 
(water, D = 8 mm, P = 101.3 kPa). 
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FIG. 7. Comparison of measured and predicted CHF 
(water, D = 8 mm, P = 198.5 kPa). 
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FIG. 8. Comparison of measured and predicted CHF 
(water, D = 10 mm, P = 198.5 kPa). 
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FIG. 9. Comparison of measured and predicted CHF 
(water, D = 8 mm, P = 404.2 kPa). 
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FIG. 10. Comparison of measured and predicted CHF 
(R-113, D = 8.5 mm, P = 101.3 kPa). 

The original correlation of Tien and Chung includes 

a correction term relating to the effect of the Bond 
number Bo, but it has been omitted from equation 
(14) because of better correspondence to the present 
data for the boiling system of Fig. l(a). Anyhow, 
approximately speaking, a trend is observed in that 
the data points of CHF in Figs. 6611 appear in a 
region between the two empirical correlations. 

Meanwhile, a thick line in each figure represents the 
value of CHF predicted by the analytical model. that 
is the limit for the existence of real root 6 of equation 
(7) at the top end of the tube. It agrees well with the 

measured data for water (Figs. 6-9). As for R-l 13 
(Figs. 10 and I l), some deviation is observed but the 
agreement with the data is not too bad. 

In columns P(Y) and a(r) in Table 1 the statistical 
prediction accuracy for each group of experimental 
data are listed, where Y represents 

r = (predicted CHF)/(measured CHF) 

and p(r) and o(r) are the mean value and the standard 
deviation of r, respectively. 

L I I I I I 
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FIG. Il. Comparison of measured and predicted CHF 
(R-113, D = 17.22 mm, P = 101.3 kPa). 

3.2. Rcnzurks WI the state of,‘fim. ut rlw CHF cwnditiorr 

According to the analytical model proposed in the 
present study, the following features are suggested for 
the flow configuration relating to the onset of the 
CHF condition at the top end of the tube. 

(i) The magnitude of h,‘R is within the range 01 
0.0325-0.0490 as seen in Table 1, which means that 
the error dots not exceed 4.9% with respect to the 

basic assumption 6/R cc I on which the present analy- 

sis has been made. 
(ii) The magnitude of the film Reynolds number 

RP ,.b> 239.-641 as seen in Table 1, is low enough to 
satisfy the assumption of laminar liquid film flow 

adopted in the present model. 
(iii) As for the vapor core flow, the relative Rey- 

nolds number Rrl has been discriminated from the 

absolute Reynolds number Re, in this study. Actually, 
however, their quantitative difference is very small 
being less than 2.5% within the experimental range of 

Table 1. 
(iv) It is noticed from Figs. 3 and 5 that CHF 

occurs only when the Y2-(T/R curve is downwardly 
convex, because this state can lead to a limit for the 

existence of real root 6/R. 

Now it is clear that the first term on the right-hand 
side of equation (13) always decreases with increasing 
6. Meanwhile, the second term is nearly independent 
of 6 if the vapor core flow is laminar, because the 

effect of 6 on 7, brought about by equations (8) and 
(9) is very slight since the quantitative difference 
between Rei and Re,, and hence between u’ and IA,, is 
negligibly small [cf. the preceding item (iii)]. This 
means that either the Y,-S/R curve at z/L = 0.5 
in Fig. 3 or that at y = 100 600 W mm’ in Fig. 5 
corresponds to laminar vapor core flow. 

However, when the vapor mass flow rate is 
increased up to enter the transition region toward the 
turbulent flow, or the region of turbulent flow itself, 
the magnitude of r, increases noticeably with S under 
the influence of the term x, (S/R)+ included in equa- 
tion (10) ; and this is the reason why the Y,-6/R curve 

becomes downwardly convex for z/L > 0.6 in Fig. 3, 
and for q > 130 600 W mm ’ in Fig. 5, respectively. 

That is to say, CHF in the present boiling system 
is generated by the interfacial shear stress 7, which 
increases with the liquid film thickness 6 when the 
vapor core flow is turbulent. This nature of t, is 
observed not only in equation (10) employed in this 
study but also in other empirical correlations of 7, 

proposed by Wallis [ 121, Whalley and Hewitt [13], 
and others. 

(v) In the present analytical model, heat flux q has 
its role at two places : the right-hand side of equation 
(l), and 4 of equation (9). Under such circumstances, 
the following analysis can be made with respect to the 
characteristics of the value of CHF. 

First, if Ret > 11 000, equation (11) suggests that 
C,; is unaffected by $J of equation (9). This means that 
the CHF condition can be determined relating to only 
the magnitude of Lq, [consider z = L in equation (l)], 
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which results in the fact that, on the bottom two lines and (iii) approximately speaking, the critical heat flux 
of Table 1, each magnitude of 6/R, Re,, Ret, Re,,, qC can be regarded as being inversely proportional to 
and qC x (L/D) has been determined irrespectively of the tube length L under a fixed condition of the tube 
the variation of L under a fixed condition of D. diameter D. 

Second, if Re: < 11000, C, is subject to the influ- 
ence of 4, so the above-mentioned five quantities dis- 
perse in magnitude depending on L as seen in Table 
1. However, the degree of the dispersion is very small : 
even for the most dispersible case of the top line of 
Table 1 where the magnitude of Ret is minimal, the 
dispersion of the value of qC x (L/D) is only 2.8%. 
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ETUDE ANALYTIQUE DU FLUX THERMIQUE CRITIQUE DE L’EBULLITION A 
CONTRE-COURANT DANS UN TUBE VERTICAL AVEC LA BASE FERMEE 

RCsumSn prksente un modkle analytique pour le flux thermique critique (CHF) dans un tube vertical 
relik B la partie suptrieure B un reservoir sat& et ayant l’extrkmitk infkrieure fermke. Pour le liquide 
s’koulant en film soumis g la fois g la force de frottement avec le noyau de vapeur et avec la paroi, on 
donne une kquation pour estimer l’kpaisseur du film liquide le long du tube. Une condition aux limites 
apparait pour l’existence des racines rkelles de l’kquation au sommet du tube avec un flux thermique 
croissant, I’effet de cisaillement i l’interface augmentant avec I’tpaisseur du film liquide dans le cas de 
I’kcoulement turbulent de la vapeur. Cette condition aux limites s’accorde trts bien avec les donnkes 

expkimentales de CHF. 
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ANALYTISCHE UNTERSUCHUNG DER KRITISCHEN WARMESTROMDICHTE BE1 
GEGENSTROMVERDAMPFUNG IN EINEM SENKRECHTEN ROHR MIT 

GESCHLOSSENEM BODEN 

ZusammenfassungPmEs wird ein analytisches Model1 fir die kritische Warmestromdichte in einem senk- 
rechten Rohr vorgestellt. Das Rohr ist am oheren Ende mit einem Reservoir gesittigter Fliissigkeit 
verbunden und am unteren Ende verschlossen. Am striimenden Fliissigkeitsfilm greifen die Reibungskrafte 
der Dampfstromung im Kern und diejenigen an der Wand an. Fur die Dicke des Fliissigkeitstilms entlang 
der Rohrlange wird eine Gleichung formuliert. Bei zunehmender Warmestromdichte gibt es eine Grenzbed- 
ingung ftir die Existenz realer Liisungen der Gleichung. Sie wird erreicht, wenn die durch den Dampf bei 
turhulenter Stromung bewirkte Schubspannung an der Phasengrenze mit der Filmdicke zunimmt. Es wird 
gezeigt, dal3 diese Grenzbedingung gut mit den gemessenen kritischen Warmestromdichten iihereinstimmt. 

AHAJIHTMYECKOE HCCJIEAOBAHHE KPHTHYECKOI-0 TEHJIOBOFO I-IOTOKA HPM 
KHHEHMM B CJIYYAE HPOTRBOT09HOFO TEYEHHR B BEPTHKAJIbHO~ TPYBE C 

3AKPbITbIM HHXHHM TOPIJOM 

horamm-rIpencTasneHa aHanATwiecKaa MOnenb anx ~puTifW2KOr0 TennoBoro noToxa (KTH) B 

HarpeBaeMOii BepTHK&"bHOii rpy6e, BepXHHfi TOpeIl KOTOpOi COenPHeH C pe3epByapOM C HaCbIUeHHOfi 

EWLlKOCTbH),B HIlmHHii 3aKpblT.&Ill nJleHO'iHOr0 Te'IeHBII XCHLZKOCTII,Ha KOTOpOe BO3~eiiCTByEOT CHJIbI 

rpeuu9i HarpaHsuaxcnapoBblMIUrpoM wcreHKoii~py6b1,nony~e~oypaBHe~we,no3~onno~eeo~e~~Tb 

TO~U~H~ XWAKOfi IUIeHKB no ZuluHe Tpy6bl.HaiiqeHo,'fTO B cnyvae yBenHYeHwr KacaTenbHoro Hanpn- 

~eHWl Ha IpaHuue C napOBbIM WpOM n0 Mepe pOCTa TO,IlWHbI WIeHKB np5i Typ6yJleHTHOM TWeHNH 

napa AMeT MWZTO n&W,eJlbHOe yCJIOBHe CylueCTBOBaHW, ~eiiCTB~TeJEbHbIX KOpHefi COOTBeTCTByIOlueI-0 

ypaBeeHea.IIoKa3aHo,~~o 3~0 npenenbHoe ycnoese ~onaTorHoxopourocornacyeTcrc sKcnepnMeHTa- 

nbHbIMF%naHHbIMEInOKTn. 


